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	Professional development document

Unit 1      Deepening understanding of fractions

Lesson 1C(i):    Ordering & Equivalence


	Lesson summary

	Summary:

· In this lesson students are encouraged to explore non-procedural ways of comparing mathematical quantities denoted in a variety of ways including fractions, decimals, percentages, part/whole areas and number line representations. 
· They will have experience of interpreting these multiple representations, drawing links between them and developing mental images for concepts of number.

	Focus of students’ learning

	· To develop strategies for ordering quantities expressed as fractions, decimals, percentages, part/whole areas and on number lines – identifying equivalences and links between multiple representations.

	Lesson preparation

	· The pre-task (Which is larger?) needs to be completed by students and formatively assessed by the teacher prior to the lesson. 
· The Fractions, Decimals, Percentages, Grids and Number Lines cards and Blank Cards (for extension purposes) need to be cut up prior to the lesson. Students will need one card set per group. 
· Each group will also need a large piece of poster paper and some glue. 
· Mini-whiteboards will be needed by students throughout the lesson.
· Each student will need a copy of the post-task (Which is larger again?) to complete at the end of the lesson.
· There are some PPP slides for use in the lesson introduction.
· A document containing interactive cards is provided to support whole class discussions.


The Lesson 
	Prior to the lesson: Pre-task activity (Which is larger?)
Students compare quantities expressed in different ways. They are 
required to explain how they know which is larger.

The lesson: Introduction
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Write these fractions in order of size from smallest to largest:
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Students compare decimals and/or fractions to be able to put them in order
of magnitude. Higher attaining students have the opportunity to order a set of numbers expressed as fractions, decimals and percentages where some
equivalence is present:
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Collaborative group work
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Students compare numbers represented in different ways in order to identify equivalence and order the quantities from smallest to largest. There are blank cards for students to complete as they work on the activity and an additional set of blank cards is provided for students to create their own cards by way of an extension activity.
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Class discussion
Students share what they have learned and common misconceptions are drawn out and discussed explicitly. Follow-up questions using mini-whiteboards are used to allow students to apply what they have learned.

Post-task activity (Which is larger again?)
Students have returned to them their responses to the pre-task activity and complete the post-task individually.  


Lesson commentary 
	Prior to the lesson: Pre-task activity (Which is larger?)
· Students should work on the pre-task activity on their own, preferably in class (or for homework if time does not allow) a few days before the lesson. It is important that you do not assist students in completing the task. 

· Collect in students’ responses to the pre-task activity prior to the lesson to allow you to assess where students are having difficulty and what their current misconceptions are. 

· Write one or two questions, as appropriate on each students’ work to help them to progress further. The following suggestions may be helpful:

· (a) If students assume that 7% and 0.7 are equal or identify 7% as being larger than 0.7, you may like to ask: 
What does ‘percent’ mean?
How else can we write the decimal 0.7?
Can you draw a diagram to represent these two values?
· (b) If students confuse fraction and decimal notation assuming that ⅖ and 0.25 are different representations of the same number or identify 0.25 as being larger than ⅖, you may like to ask:
How could we write ⅖ as a decimal?
What fraction is the same as 0.25?
· (c) If students assume that the fraction is equal to the amount shaded in the grid as 3 × 5  = 15 squares have been shaded or identify ⅗ as being larger than the shaded diagram, you may like to ask:
Can you draw a different grid to represent ⅗? How many squares are shaded now?
What does ⅗ mean? In what other way could you represent this fraction?
· (d) If students assume that 80% has been represented on the number line as well, or identify the number represented on the number line as being larger than 80%, you may like to ask:
What would the labels on the number line be?
Can you represent 80% on a number line?
· It is important that students explain how they know which of the two numbers represented is larger. If students have not provided an explanation, you may like to ask: How do you know you are right?
Could you draw a diagram to show why this is the case?
How could you convince someone else that this is larger?
· The assessment of the students’ responses to the pre-task activity may help with thinking of ways of grouping students in the lesson for the collaborative work. For example, you may want to group students who disagree to encourage more discussion. (It may also be useful to review your students’ responses to some of the single item questions provide in Unit 0, if these have been attempted, to provide further insight into common misconceptions and difficulties). 

· The pre-task will be handed back to the students at the end of the lesson, prior to completing the post-task.

The lesson: Introduction
· Students will need mini-whiteboards to work on. Display Slide 1 of the PPP and ask students to write their answers and methods on their mini-whiteboards, working on their own, without discussion. Once students have had a chance to write down their order, ask them to show you their mini-whiteboards. 

· If there is disagreement in the class, inform students of this but do not indicate whether students are right or wrong. The intention is to expose students’ existing interpretations and misconceptions, not to put them right. Ask students to compare their order with their neighbour. 

· If there is agreement in the class, ask students to explain to their neighbour their method for ordering the decimals, focusing on the strategies students have used.

· A common misconception is for students to believe that the magnitude of a decimal depends on the number of digits it contains (e.g. 0.375 > 0.4 because 375 > 4, or 0.4 < 0.19 because 0.4 is in the tenths column and 0.19 is in hundredths).

· Slide 2 of the PPP can be used in a similar way or if desired, used instead of Slide 1 depending on the group. A common misconception is for students to ignore numerators when comparing fractions (for example 
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because eighths are greater than tenths) or to compare numerators and denominators independently (e.g. 
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 because 3 > 2 and 8 > 5).
· For higher attaining students Slide 3 of the PPP may provide a more appropriate starting point for the lesson introduction. For less confident students you may choose to just use Slide 1as an introduction to the lesson.  
Collaborative group work:
· Students now work in groups of 2 or 3. They are given the card sets Fractions, Decimals, Percentages, Grids and Number Lines and asked to group the cards based on equivalence and order them from smallest to largest. Whilst the number of cards may seem overwhelming at first, the task encourages students in making decisions, as to how they go about sorting and ordering the cards.

· It is likely that some groups of students will not manage to sort all of the cards and it is not essential that they do so. Card sorting/matching activities allow students to try out their ideas, generating hypotheses for the group to discuss, critique and improve. During this phase of the lesson students need time to develop exploratory talk consisting of critical and constructive exchanges, where challenges are justified and alternative ideas are offered. 

· As students work on the task in their groups, ask them to take it in turns to match/order pairs of cards and place them on the table. As they do this they must explain how they know that the cards are equivalent or that one card is less/greater than the other. When they have given their explanation, their partner(s) should either challenge what they have said or say why they agree. As you go round the room, encourage students to explain carefully why pairs of cards match each other and listen to students’ explanations. Note down any obvious misconceptions that emerge to inform the class discussion at the end of the lesson. 
· Towards the end of this lesson phase students need to glue onto a large piece of poster paper the card matches and order they have agreed on, writing explanations on the poster next to the cards. If students have not managed to place all of the cards they should glue down the cards they have worked on with written explanations describing how they came to each decision.

· When students are working with the card sets it is important not to provide them with a strategy for sorting/ordering the cards. Instead, encourage students to build on their existing knowledge and ask strategic questions that suggest ways of moving forward: If you’re stuck with that card, could you put it to one side and place the others first? Can you find a fraction equivalent to this card? How might you express this card in words? Could you express it any other way? Could you make a drawing to represent it?
· If students manage to place all of the cards and have completed the blank cards within each set, give them the set of Blank Cards and ask them to produce cards that represent numbers that lie between the existing cards. They may also want to produce alternative representations for the ten numbers contained within the set of cards.
· For some groups it may not be appropriate to present the students with all five card sets at the same time. However, the temptation to present the card sets in turn, asking the students to order one set before presenting them with the next set, should be avoided. When students are presented with the cards in this way they are not forced to look for equivalences. In some cases they do not even relate the order of one set of cards to the next and at best the addition of a different card acts as a check and may result in a conflict which has to be resolved but may not extend beyond this, reinforcing a previously misplaced card.
· The order in which the representations are presented must seek to maximise conflict and discussion. The cards have been designed to confront students with possible misconceptions and so it is important that the cards are presented in such a way to as to confront difficulties rather than seek to avoid them.
· Students often associate fractions with part/whole area diagrams and so by presenting students with the Fractions and Number Lines cards first, they are forced to explore and make connections between different representations. When working with decimals and percentages students often use a number line as a means of representation so by combining these card sets with the Grids cards, students are encouraged to build a connected understanding of these multiple representations. The Decimals and Percentages card sets do not contain a one-to-one matching and so it is important that they are given out to students at the same time.
· The cards have been deliberately designed to allow alternative interpretations to surface. For example, the grid diagram that is equivalent to 
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 is divided into 20 parts with the number line divided into 10 sections to force students to consider equivalent representations that may not be immediately obvious. By having to complete blank cards as they work on the activity, students are forced to make their own connections and cannot sort the cards merely by a process of elimination.
Class discussion:

· It is likely that not all groups will have grouped/ordered all of the cards and so the aim of the discussion should be to focus on what has been learned and to explore the different methods students have used to place the cards. You may want to ask the following questions: Can someone tell us a card that they were very sure where to place? Why were you so sure? Does anyone agree/disagree? Why? Does anyone have a different way of explaining it?
Does anyone have a card that they couldn’t place or were very unsure about? Which one? Why?
What do other people think?
Can someone say which card or cards they have at the lowest end? What about at the highest end?
Which kinds of cards did you find the easiest/hardest to place? Why do you think that was?
· Follow up this discussion with questions using mini-whiteboards, targeting them at an appropriately challenging level. You may like to ask students to:
Show me a fraction equal to 0.1, 0.2, 0.3, 0.4,…; 0.25, 0.5, 0.75 …
Show me a decimal equal to 
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Show me a number between 0.5 and 0.6; between 0.5 and 0.51 …
Show me a fraction between 
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…
Write down a fraction, decimal, or percentage that isn’t on any of the cards. Where would it go? Which other cards would go with it? Why?
Post-task activity: (Which is larger again?)
· Return to students their initial attempts at the pre-task with your questions written on. The post-task activity is designed in the same way as the pre-task with students comparing quantities expressed in different ways.

· Give students time to reflect on their responses to the pre-task and the questions you have posed prior to completing the Which is larger again? task. Students should be encouraged to use what they have learned during the lesson to complete the post-task activity. It may be beneficial for some students to attempt the pre-task again rather than or prior to having a go at the post-task. 

· You may find that there is not time to complete the post-task in the same lesson as the card activity. If this is the case, you may want to ask students to complete it in a subsequent lesson or for homework.




	Adapting the lesson

	· The task is designed to be rich and complex, allowing struggling students to gain access, while still providing challenges for the most capable. 

· Some students may feel overwhelmed when presented with all the cards at once. However, when presented in this way, students have the power to choose which cards they engage with first. 

· If it becomes necessary for students to be given the cards in two parts it is recommended that they are given the Fractions and Number Lines cards first and then the Decimals, Percentages and Grids cards second. The Decimals and Percentages cards should always be given out at the same time.

· It may be appropriate for some groups of students to just focus on interpreting and ordering fractions, for example or another possible adaption may be to concentrate on grouping the cards based on equivalence, without ordering.

	Suggestions for lesson study focus

	· It is important to nurture a classroom culture where:

· The teacher’s role includes: assessing students and making constructive use of prior knowledge; making the purposes of activities clear; challenging students through effective, probing questions; managing small group and whole class discussions and helping students to make connections between their ideas.
· Students take responsibility for their own work. They work together on ‘interconnected’, ‘challenging’ tasks that confront common difficulties. 

	Research background to the lesson

	· This lesson is designed to confront the misconceptions students have when comparing quantities expressed in multiple ways including those represented as fractions, decimals, percentages, part/whole areas and number lines. Students will often associate fractions with part/whole areas and decimals with number lines and so this lesson activity aims to build a more connected understanding of all these ideas.

· Prior to the lesson students work on their own to complete a pre-task activity, designed to explicitly address some common misconceptions when comparing quantities expressed using multiple representations. Typically, for example, students confuse decimal and fraction notation (i.e. ¼ is confused with 1.4 or 0.4) and so this misconception along with others are made explicit in the pre-task activity. 
· It is the intention that the pre-task is completed by students far enough in advance of the lesson to allow teachers to collect the responses in and rather than scoring or grading the work, create questions that will help students to reflect on specific issues they need to address in order to be able to make further progress by building on the knowledge they already have.
· During the lesson, students work together matching cards that show different representations of the same mathematical quantity and placing the cards in order of magnitude. The task is designed to be flexible and non-linear with students not being required to start or finish at a specific point, enabling everyone to engage with the activity. Blank cards are also included to encourage students to develop further cards at any level of difficulty. Effective teaching challenges and has high expectations of students (see for example Bell (1993) Principles for the Design on Teaching), creating obstacles to be overcome, rather than ‘smoothing the path’. Conceptual obstacles have been deliberately built into the design of the cards, including, for example, quantities that are often confused (e.g. 0.05 and 0.5) to provoke discussion. 
· Students need time to work in depth on the lesson activity, rather than being limited to a superficial ‘coverage’ where the focus is more on what they have ‘done’ rather than what has been learned. The teachers’ role is to prompt deeper reasoning by asking students to explain, extend and generalise as they sort the cards. 
· A final whole class discussion allows the teacher to encourage the discussion of alternative viewpoints; drawing out the important ideas and helping students to make connections between them. 
· Students revisit their pre-task responses before completing a post-task on the same theme. 


Resource 1.0 
Which is larger? 
Determine which is largest in each case: 

(a)
7% 
or
 0.7
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Explain your answer:
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Explain your answer:
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Explain your answer:

	

	

	


Resource 2.0 
Fractions
	F1
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Resource 2.1 
Decimals

	D1
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	D2


0.2
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Resource 2.2 
Percentages
	P1
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Resource 2.3 
Grids
	G1
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Resource 2.4 
Number Lines
	N1
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Resource 2.5 
Blank Cards

	
	

	
	

	
	

	
	

	
	


Resource 3.0 
Which is larger again?
Determine which is largest in each case: 

(a)
0.625 
or
 0.6
?

Explain your answer:

	

	

	


(b)
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Explain your answer:
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Explain your answer:
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(d)
25%
or
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Explain your answer:
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