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Resources Teaching of Mathematics

Mastery Professional Development
Number, Addition and Subtraction

Teaching point 1:
There is a set counting sequence for counting to 100 and beyond.

Teaching point 2:

Objects can be counted efficiently by making groups of ten. The digits in the numbers
20-99 tell us about their value.

Teaching point 3:

Each number on the 0-100 number line has a unique position.

Teaching point 4:

The relative size of two two-digit numbers can be determined by first examining the
tens digits and then, if necessary, examining the ones digits, with reference to the
cardinal or ordinal value of the numbers.

Teaching point 5:

Each two-digit number can be partitioned into a tens part and a ones part.

Teaching point 6:

The tens and ones structure of two-digit numbers can be used to support additive
calculation.
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1.9 Composition: 20-100

Overview of learning

In this segment children will:

learn how to count to 100 and beyond, by making use of the pattern and structure of our number
naming

count collections of objects efficiently by making groups of ten

represent numbers from 20-100 using base-ten equipment (for example, Dienes or straws),
numerals and number names

explore the position of two-digit numbers in the number system - identifying the previous and
next multiple of ten, placing them on a number line, and making links to measures

compare the size of two-digit numbers

use their understanding of the structure of two-digit numbers to partition them into tens and
ones

apply partitioning into tens and ones to calculations such as 20 + 3 =23 and 64 - 4 = 60.

This segment will give children a sense of the regularity of number naming up to 100 before they begin
work on the irregularly named teen numbers in segment 1.70 Composition of numbers: 11-19. Dual
counting is used to emphasise the regularity — i.e. ‘Two ten one, two ten two, two ten three...” and
‘Twenty-one, twenty-two, twenty-three...’”. Children begin with some simple counting practice in Teaching
point 1, with the dual naming revealed later when children have some understanding of the structure of
the numbers. Even within 20-100, some number names are more clearly linked to the value of the tens
digit (4, forty; 6, sixty; 7, seventy; 8, eighty; 9, ninety) — where possible, plan to use these numbers as
teaching examples. The number names with a less apparent link to the value of the tens digits (2, twenty;
3, thirty; 5, fifty) can then be used as practice examples after the initial concept has been introduced. The
representations provided below provide a mix.

In Teaching point 2, the focus is on the cardinality of two-digit numbers, with children developing
efficient strategies for counting larger quantities by making groups of ten, building on knowledge of
counting in tens (segment 1.8 Composition of numbers: multiples of 10 up to 100). Children then represent
two-digit numbers with base-ten equipment, with numerals, and with number names. Throughout, the
emphasis is on the link between the representations and the tens and ones structure of the numbers,
encouraging a depth of understanding of our decimal number system.

There are many different forms of base-ten representations (both concrete equipment and common
pictorial representations), and a range of representations are suggested throughout this segment.
Children benefit from being able to see the links between different representations of the same thing - a
certain amount of variation is necessary if children are to understand the unifying ideas behind
representations. However, this must be balanced with the need to avoid overloading children by
jumping too quickly from one representation to another. You will need to closely watch how children are
learning in order to make considered judgements about the introduction of new representations.
Children will need to be familiar with some core representations, such as Dienes, which will be used
consistently through the year groups for different areas of mathematics.

We often do not recognise that a large part of understanding number comes from a deep understanding
of how numbers are ordered; understanding number is not just about the link to objects. In Teaching
point 3, children develop their understanding of the position of two-digit numbers in the number
system, and move from this to thinking about number as length. They then bring together ideas of both
cardinality and ordinality as they learn to compare the size of two two-digit numbers in Teaching point 4.
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The remainder of the segment builds towards calculation. First, children use the part-part-whole model
to represent the partitioning of two-digit numbers into tens and ones ‘parts’, and the aggregation of tens
and ones ‘parts’ to make ‘whole’ two-digit numbers. The part—part-whole models are then linked to the
corresponding equations, so that by the end of the segment children can complete addition and
subtraction calculations using their knowledge of composition of number.
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An explanation of the structure of these materials, with guidance on how teachers can use them, is contained
in this NCETM podcast: www.ncetm.org.uk/primarympdpodcast. The main message in the podcast is that

the materials are principally for professional development purposes. They demonstrate how understanding of
concepts can be built through small coherent steps and the application of mathematical representations.
Unlike a textbook scheme they are not designed to be directly lifted and used as teaching materials. The
materials can support teachers to develop their subject and pedagogical knowledge and so help to improve
mathematics teaching in combination with other high-quality resources, such as textbooks
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1.9 Composition: 20-100

Teaching point 1:

There is a set counting sequence for counting to 100 and beyond.

Steps in learning

Guidance Representations

1:1 | Provide children with practice counting | Hundred square:
to 100, and beyond, before beginning
the detailed examination of the T2 (34|56 |7 |8 /|9]10

numbers 20-100 in Teaching point 2.

1M 112 113 (14 |15 |16 [ 17 |18 |19 | 20
It is likely that children will already have

experienced counting within 100 in 21122 123124125 |26 |27 |28 | 29 | 30
several ways:

You may have practised ordinal 31132133 34|35 (36|37 |38 |39 |40

counting (oral counting with no
object reference), with the whole

class practising saying the sequence 51 150 |53 (54|55 |56 |57 |58 |59 |60
of number names - ‘One, two,

three...' - pOSSib|y up as far as 100 or 61 62 |63 |64 |65 |66 | 67 | 68 | 69 | 70
even beyond. In this type of practice
children get used to the sound of the 71 |72 |73 |74 |75 |76 |77 | 78 | 79 | 80
number names, and the patternin
which one follows the next. 81 |82 |83 (84 |85 |86 |87 |88 |89 |90
In other contexts, you may have used
the counting sequence to enumerate
a quantity of objects (with the focus
on cardinality) — for example, to
count the number of children, or Gattegno chart:

41 | 42 |43 |44 | 45 |46 | 47 | 48 | 49 | 50

91 192 |93 |94 [ 95 |96 | 97 | 98 | 99 | 100

pieces of equipment. In this type of | 11000 | 2000 {3000 |4000 | 5000 |6000 | 7000 |8000 | 9000
counting children get used to linking
number names W|th quantltles 100 200 300 | 400 500 600 700 800 900
You may also have practised 10 20 30 40 50 60 70 80 90
counting whilst pointing to numbers
written in digits (for example, on a 1 2 3 4 5 6 7 8 9

hundred square, number line or
Gattegno chart). Here children get
used to linking number names with
the digits that represent them.

Note that each type of counting is
reinforcing a different type of number
knowledge. Before and during the
segment, practise each type of
counting. Classroom routines often
provide useful contexts for the first two
types described above; for example:
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* How many seconds does it take for a
child to take the register to the office
and come back?

+ A daily count - count the number of
days since the start of the school
year.

When using the Gattegno chart you will
need to double tap, for example 40
then 3, for 43. Also ensure that children
gain experience of the gestural
patterns, by having them tap the
numbers out for themselves.

During counting practice, continue to
just over 100; often it is working over
the boundary that children find most
challenging, and counting ‘ninety-nine,
one hundred, one hundred and one, one
hundred and two...’, trailing off soon
after, will prepare children for 100 not
being an ‘end’.

www.ncetm.org.uk/masterypd
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1.9 Composition: 20-100

Teaching point 2:

Objects can be counted efficiently by making groups of ten. The digits in the numbers 20-99 tell us
about their value.

Steps in learning

Guidance

Representations

2:1

Children need to first understand the
identity of one ten and ten ones if they
are to go on to use more abstract
representations, such as Dienes or
(later on) place-value counters, with
more than just procedural
understanding. The idea of grouping
ten of one thing into one of something
else underpins all place-value
equipment.

Segment 1.8 Composition of numbers:
multiples of 10 up to 100 included
detailed work on exploring how one
ten is equal to ten ones, and briefly
introduced some common base-ten
equipment (Dienes, base-ten number
boards, tens frames). Building on this,
begin this teaching point with children
making their own base-ten equipment,
giving them practical experience of
grouping some ones into tens and
leaving other ones as ones. Use a
range of resources, as shown opposite,
asking children to:

‘Show me one ten.’

‘Show me one one.’

‘Show me ten ones.” (Encourage
children to show you one group of
ten here, though it is of course also
correct if they show you ten
separate ungrouped ones.)

Useful resources include:

sticks or straws grouped into
bundles of ten

small pots/cups, each containing ten
counters

bead strings with ten beads

] I
= —==
—== —=
= —=
] I
: /
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1.9 Composition: 20-100

small net bags, each containing ten
objects
multilink cubes in sticks of ten
pieces of card or laminated
individual tens frames with ten
clothes-pegs attached
hands.
Encourage children to use the
generalised statements:
‘This is one one.’
‘This is ten ones. It is also one ten.’

2:2 | Tointroduce the idea of using groups
of ten for efficiency, show children a
picture of many objects (opposite we
see 42 tennis balls) and ask ‘How many O
are there? First, model counting in
ones and being distracted or losing O
count during the process, having to
start again at the beginning. Then
count again, this time counting ten at O
a time, circling each group as you go.
Emphasise that by organising into
groups of ten, it doesn’t matter if you
lose count - you could model losing
count again, and only having to go
back to the start of the current group
of ten. Remind children that ten ones is
the same as one ten, and ‘count’ your
total by saying 1 have one, two, three,
four groups of ten and one, two extra
ones’. Finally, count the images in ones
again, confirming the total as
‘forty-two’.

Summarise: ‘We can work out how
many there are by counting in ones, or
by counting the groups of ten and the
extra ones.’

SO

Counting in ones:

www.ncetm.org.uk/masterypd
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1.9 Composition: 20-100

2:3

Continuing with the previous example,
record the number of groups of ten
and the number of extra onesin a
table - first using descriptive column
headings (for example, ‘Groups of ten’
and ‘Extra ones’), before simplifying to
“10s" and ‘1s’". Draw attention to the
link between the number you have all
said (forty-two’) and the digits in the
table.

Finally write the number, no longer in
the table, emphasising that this is the
correct convention for writing 42:

‘This is how we write the number

forty-two.’

‘We read from the left...

‘Forty-two... forty-two...” (point to the

digits in turn).
Note that teen numbers do not follow
this ‘left to right’ reading convention,
hence them not being taught until the
next segment.

Groups of
ten

Extra ones

‘The 4 shows we have four groups of ten.’
‘The 2 shows we have two extra ones.”
‘We have four groups of ten and two more ones.’

10s

1s

42

24

Now spend some time examining the
number names in more detail. Remind
children of the number names for the
multiples of ten (see segment 1.8
Composition of numbers: multiples of 10
up to 100, step 2:5), before
demonstrating how the number
names are written when the number of
ones is not zero.

For each number you explore, link the
number name, the digits that
represent it and the tens-and-ones
structure. Return to the representation
in digits, emphasising that the digits
are written in the order that the parts
of the name are spoken, using the
stem sentence: ‘This is the number
__.Wewritethe ____thenthe .’

For example:
42

forty-two
T T

four tens two ones

N

www.ncetm.org.uk/masterypd

© Crown Copyright 2018

Spring 2018 pilot

ncetm_mm_sp1_y1_se09_teach.pdf

Page 8 of 32



http://www.ncetm.org.uk/masterypd

1.9 Composition: 20-100

‘This is the number forty-two. We write
the four then the two.’

Repeat the sequence in steps 2:2-2:4

several times, with different quantities.

Note that for numbers such as 63, you
can hear the ‘six’ in ‘sixty’, but in 36,
the connection of ‘thir’ with ‘three’ is
less clear; ensure that you include
numbers with all of the irregularly
named multiples of ten (i.e. twenty-
something, thirty-something, forty-
something and fifty-something) in
your sequence.

2:5

Provide opportunities for children to
practise enumerating sets of items,
and expressing the number name
verbally and with digits. Children can
count in ones to check their answers,
but make sure they are using the
‘groups of ten’ strategy first.
Encourage children to use the
generalised statement and stem
sentence from step 2:4 to link the
numerals they have written to the
quantity value of the number.

Some children may write 20" in the
tens column. Be meticulous about
correcting this: ‘There are two tens
which have a value of twenty.’
Uncorrected, this may lead to children
writing, for example, 27 as 207/,
following the thought process: 1 can
hear twenty-seven so | will write twenty
and seven.’

Enumerating items:
‘How many rabbits are there?’

%%g\b {bg\gg\b 10s 1s

Dong nao jin:
‘How many dots are there altogether?’
‘How could you count these efficiently?’

www.ncetm.org.uk/masterypd
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1.9 Composition: 20-100

2:6

Now start to take steps to prioritise
unitising. Return to the sticks or straws
used earlier, placing a number of them
onto the table, then bundling them
into groups of ten. Show how we can
work out the total number of sticks by
counting the groups of ten and
counting the extra ones.

Then ask children to pick up a given
number of sticks, both saying and
writing the number as you do. Work
through checking the total by
counting in ones, and emphasise how
the task was achieved more quickly by
working with bundles of ten.

This step is similar to step 2:2, but now
children are beginning to manipulate
each group of ten as a single unit - the
straws representation supports this.

‘Pick up twenty-three sticks.’

2:7

Now move one level of abstraction
further, using Dienes - here, each ten
can’t be physically separated into ten
ones. You can use the progression
shown opposite to move from a
pictorial representation to Dienes.
Again, link to the number written as
numerals.

Note that the hundred grids used
opposite have heavier lines across the
vertical and horizontal midpoints. This
is to support children with subitising
and moving away from counting - as
we can subitise up to about five items,
including these lines helps children to
see the total number of items without
counting — opposite we have five and
two which must be seven.

www.ncetm.org.uk/masterypd

© Crown Copyright 2018

Spring 2018 pilot

ncetm_mm_sp1_y1_se09_teach.pdf

Page 10 of 32



http://www.ncetm.org.uk/masterypd

1.9 Composition: 20-100

10s 1s

27

2:8

Give children practice working with
Dienes, again writing the numerals
using place-value charts and then
writing without.

Provide variation in how the Dienes
are presented:

Present them with the ones and tens
mixed up - children may need
prompting to deal with the tens first,
then the ones, rather than counting
them in the ‘mixed’ physical order in
which they are laid out.

Present them with the ones on the
left and tens on the right - for the
example opposite, check that
children can see the Dienes
represent 48, not 84.

Present them in a linear
arrangement to prepare for links
with measures contexts.

The second arrangement introduces
the concept that the order is irrelevant.
This can be reinforced practically: have
a group of children standing at the
front of the class; each can choose
whether they show one or ten fingers.
However the children are arranged,
the total number of fingers held up
remains the same. Check by counting
in ones; this continues to reinforce the
important idea that, for example, five
tens and five ones is still 55 ones, as
well as providing practice counting in
ones.

Interpreting Dienes representations:

10s 1s

ITTTTTTTTT]
CITTTTTTTTT]
(ITTTTTTTTT]

OooOo

O

Variation:

O

O
[TTTTTTTTT]
(ITTTTTTTT]

e

ITTTTTTTT]
[(ITTTTTTTTT]

CCTTTTTTTT]

0 T A I
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1.9 Composition: 20-100

2:9

Also provide practice using pictorial
real-world objects that are grouped
into tens, again providing variation in
how the images are presented. Bags of
classroom fruit are a really useful
resource as children will be familiar
with the idea that they contain ten
pieces of fruit, even though they may
not be able to see all the individual
pieces.

Support children in making
connections between different
representations of the same number,
by presenting a range of
representations to sort according to
the number/quantity they represent.
Note that, in the example shown
opposite, both 63 and 36 have been
included to challenge any remaining
misconceptions regarding the order of
the digits.

Ask children to consider what all of the
representations in a given group have
in common, asking ‘What’s the same?’,
and drawing out the key idea that all
the base-ten representations of, for
example, 57 have five tens and seven
ones.

‘Sort the cards into two groups according to the number
they represent.’

i 1 63 5
AR | (o

3 ones

3 tens and

6 ones

2:10

Once the children are confident
writing quantities for amounts shown
(represented by Dienes or in real-world
contexts), have them work in the
opposite direction: say a number name
(for example, ‘forty-five’) or a number
structure (for example, four tens and
five ones), or show a written number
(for example, ‘45’ written on the board
but not read out loud) and ask the
children to represent that number with
base-ten equipment.

Again, reinforce that the number
represented is independent of how the
equipment is arranged, but laying
them out with the tens on the left and

‘Show me this number.” 45

sg44,

www.ncetm.org.uk/masterypd
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1.9 Composition: 20-100

the ones on the right corresponds to ‘Show me forty-five.’
the order the digits are written.

You may want to give children mats to

work on to order their place-value o
equipment, as shown opposite, but J O
note that these should not have ‘tens’ 0

or ‘ones’ column headers on them - in
the example shown, this would imply
that there are 40 tens. The base-ten
equipment itself signifies the value of
the representation.

[IITTTTTITT]
CITTTITTTT]
O

Itis important that children are not just | ‘Cojour in forty-five.’
procedurally learning to pick up “four
of the big things and five of the little

things'. Reinforce the relationship of

the representation to the number by
counting:

‘Ten, twenty, thirty, forty, forty-one,
forty-two, forty-three, forty-four,
forty-five.’

Also count in ones ‘One, two, three...
forty-four, forty-five' to show there
are still 45 ones.

Confirm that we could represent 45
with 45 ones, but it is more efficient to
work with groups of ten.

Children can also work pictorially,
colouring in numbers on blank
hundred grids. Check carefully that
children aren’t counting and shading
the individual squares; the manner in
which they are shading them should
show that they are thinking in terms of
tens and ones, shading ten at a time
and then the extra ones.

‘Forty-five is made up of forty and five more.”
‘Forty-five is made up of four tens and five ones.’
‘Forty-five is made up of forty-five ones.’

2:11 | Once children have represented some
numbers in isolation, explore sets of
linked examples to prompt discussion
about relationships between different
two-digit numbers. Using concrete
base-ten equipment, ask children to
represent sequences such as:

26,27, 28,29
83, 82,81, 80

www.ncetm.org.uk/masterypd ncetm_mm_sp1_y1_se09_teach.pdf
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1.9 Composition: 20-100

42,41, 40, 39
40, 50, 60, 70
61,71,81,91
37,87,67,27
34,43
28,82

To help highlight the relationship
between the numbers in each
sequence, children can point to the
numbers on a Gattegno chart before
they represent the numbers with base-
ten equipment.

With the first six examples, some
children may use efficient methods to
move from one number to the next
(i.e. adding or removing the necessary
ones or tens), whereas other children
may return the equipment after
representing the first number, then
start again to represent the second
number (for example representing 26
then, instead of just adding another
one, starting again to represent 27). To
encourage use of efficient methods,
referring to the next number in the
sequence, ask children ‘What’s the
same? What's different?’

In the final examples (34 and 43, 28
and 82), the numbers have the same
digits, but the digits have different
values (tens versus ones), resulting in
an entirely different picture.

2:12

To further encourage children to think
about the relationship between
numbers, use dong nao jin challenges,
such as:

Prepare a bag containing a mixture
of tens and ones; children work in
pairs, each drawing six random
‘objects’ from the bag, then
exploring what numbers they can
each make. The child that makes the
largest number wins.

'l am thinking of a two-digit number.
The first digit is four greater than the

www.ncetm.org.uk/masterypd
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1.9 Composition: 20-100

second digit. What could my number
be?’

Provide three single-digit cards (for
example, 0, 2 and 4) and challenge
children to see how many different
two-digit numbers they can make.

2:13 | Finally, give children practice moving | ‘Complete the table.’
between digits, pictorial/concrete

representations, number names and 29

number structures, as exemplified

opposite.

You could also ask children to, for

example, show 42 in their books, and

then compare how different children

choose to represent this (some might

draw dots, some might draw base-ten

equipment, some might write ‘42’, etc.) sixty-seven
tens tens

and and
ones ones
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1.9 Composition: 20-100

Teaching point 3:

Each number on the 0-100 number line has a unique position.

Steps in learning

3:1 | Throughout the segment, children have been practising counting forward and back in ones.
The idea of dual counting was introduced in segment 1.8 Composition of numbers: multiples of 10
up to 100, whilst counting in multiples of ten (“One ten, two tens, three tens...”and ‘Ten, twenty,
thirty..."). Use the representations introduced in step 1:7 above (humber line, hundred square,
Gattegno chart) to support dual counting between 20 and 100, counting both forwards and
backwards:

‘Two ten one, two ten two, two ten three...’
‘Twenty-one, twenty-two, twenty-three...’

Focus particular attention on counting forward and backwards over the tens boundaries. If you
are using a number line with only the multiples of ten marked, you may initially want to mark
the numbers with nine ones to support backwards counting. The Gattegno chart is also a useful
resource for supporting counting over these boundaries.

Number line with multiples of ten labelled:

RN AR R R AR R AR R A A RN AN RN NN ARRRA RN RN R A
0 10 20 30 40 50 60 70 80 90 100

Marking numbers with nine ones:

9 19 29 39 49 59 69 79 89 99

0 10 20 30 40 50 60 70 80 90 100

3:2 | During counting, stop at regular points and ask children to identify ‘one more’ or ‘one less'.
Then provide missing number problems. Before moving on, ensure that children are fluent in
identifying one more and one less over the tens boundary as well as within each ten.

Fill in the missing numbers.”

37 39 41 | 42 44

3:3 | Next, look at identifying the two multiples of ten which a given number sits between. Children
will not be rounding numbers for some time yet, but getting familiar with previous and next
multiples of ten will prepare them. Rounding to the nearest ten (and the nearest 100) is covered
in segment 1.22 Composition and calculation: 1,000 and four-digit numbers.

Begin by identifying groups of numbers on the number line, asking, for example:

‘Where are the twenties numbers?’
‘Where are the fifties numbers?’

Then, work through the following progression (as exemplified below):
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1.9 Composition: 20-100

Initially look at points (such as ‘a’ and ‘b’ shown below) marked on a number line (numbers
unlabelled) and identify previous and next multiples of ten with this scaffold.

Then move on to working with number lines with the numbers labelled.

Finally look at numbers in isolation without the scaffold of a number line.

Make sure you use the language of ‘previous’ and ‘next’ multiple of ten; avoid saying things like
‘the multiple of ten that is more/less’ which can lead to confusion with the number that is ten
more/ten less than the given number. Use the following stem sentences:

’

‘ is between and .

* __isthe previous multiple of ten.”

*___is the next multiple of ten.’

|dentifying previous and next multiple of ten — unlabelled numbers:

a b

| Ml FETTTTTTTTd Ml T rT [l ITETTErTrT Ml I\;\I [ RERRRRERRE L
0 10 20 30 40 50 60 70 80 90 100

“a’ is between thirty and forty; thirty is the previous multiple of ten; forty is the next multiple of ten.’
“b’is between seventy and eighty; seventy is the previous multiple of ten; eight is the next multiple
often.

Identifying previous and next multiple of ten - labelled numbers:

46

I
| Ml FEETTTTTTTd Ml FTETTrrTrT Ml FTETTErTrT Ml R RERRRR AR L

0 10 20 30 40 50 60 70 80 90 100

‘Forty-six is between forty and fifty; forty is the previous multiple of ten; fifty is the next multiple
often.

Identifying previous and next multiple of ten — unscaffolded:

previous next
multiple multiple
of ten of ten
«— 63 —

3:4 | Now work towards identifying a given number pointed to on the number line. First, spend some
time looking at the layout of the number line in detail:
Note how the multiples of ten are marked.
Note the emphasis on the tick mark in the middle of each section, between multiples of ten
(e.g. 15, 25).
www.ncetm.org.uk/masterypd ncetm_mm_sp1_y1_se09_teach.pdf
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Draw attention to the smaller tick marks indicating the ones.

Show a number line with a given number ‘pointed at’ but not identified (e.g. 52 as shown
below). Initially show the children how to look at the previous multiple of ten (fifty), modelling
language such as ‘ know this is going to be a fifties number.” Then count up from the previous
multiple of ten, in ones, or apply knowledge of the zero to ten number line, to identify the
number indicated.

Return to noting that the emphasised middle tick mark always has a ones value of five, and
demonstrate how this knowledge can be used to identify numbers such as 35 without counting,
by looking first at the previous multiple of ten. Once children can easily find whole tens, and
numbers with five ones, look at numbers which can be identified as one more or less than these
marker numbers (e.g. 29, 31, 34 and 36), then two more or less (e.g. 28, 32, 33 and 37).

Practise identifying a range of marked numbers between 20 and 100, ensuring that you always
use a number line with the fives tick marks emphasised.

‘Identify these numbers.’

RNRRRARARRARRRRRRRN RRRRN RRRRN RRRRE RARRR ARRRRRRRRE A RRY AR RRN RRRRY AARR NARNR ARRRRARRRR ARRRN ARRRR RRRRD
0 10 20 30 40 50 60 70 80 90 100

Dong nao jin:

‘Which of these numbers has a ones digit which is larger than the tens digit?’
‘Which of these numbers has two digits that add up to ten?’

a b C d
REERARRERARARRRARRRA RRRRARRRRY ARARR RARARARARA RRRAAARRAARRARA ARRAARRRRA RARA ARRRRARERARRRRA BRARRARARA
0 10 20 30 40 50 60 70 80 90 100

3:5

Now move on to placing a given number on a number line, drawing on learning from the
previous step. For example: ‘Place these numbers on the number line.’

21,29,32,38,43,72,83,94
Continue to use number lines with the tick marks for the fives emphasised.

Look carefully at the strategies children use. Make sure that all are, at the very least, locating the
previous multiple of ten and counting forward from there in ones. Some children may not need
to count at all. They may be able to use strategies such as these to place, for example, 48:

Locate 40; know that 48 must be 45 (the midpoint between 40 and 50) and three more.
Locate 50; know that 48 must be two less than 50.

You can promote strategies like this by verbalising a similar thought process as you show how
you place numbers on the number line.

If you see any children counting in ones from the start of the number line, give them additional
support to use the previous multiple of ten as a starting point before counting up from there.

www.ncetm.org.uk/masterypd ncetm_mm_sp1_y1_se09_teach.pdf
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To promote and assess depth of understanding, present dong nao jin problems such as:

‘Mark on all of the numbers which have the same ones digit and tens digit.’
‘Mark this number on a number line:

Itis bigger than twenty.

It is smaller than thirty.

The ones digit is odd.

The digits add up to three.”

3:6

Children should now be able to identify the position in the number system of a given number
between 0 and 100. The final two steps of this teaching point work to develop children’s
understanding of number as length - for example, knowing that something which ‘runs’ from
0-32 has a length of 32 units.

Bead strings or bars are a useful representation for making a link between number as quantity
(for example, 32 things, or three lots of ten things and two more), number as length (for
example, a length of 32 units) and the position of a number on the number line. However, the
link is clearest when the bead string representation is presented in a straight line. When
classroom bead strings are used by children, the clarity of this linear structure (with its groups of
tens) can easily be lost as the bead strings hang down or curl into piles on the table. Large
classroom bead bars (which are rigid) expose the linear model clearly; if you do not have access
to a bead bar, it is likely that an image of a bead string, displayed on the whiteboard, will expose
the maths more clearly than concrete bead strings. This is a good example of thinking about not
just which resources effectively expose a particular mathematical concept, but also making sure
that the way in which a resource is used supports this.

Using an image of a bead string, or a classroom bead bar, ask children how we could use the
coloured groups of ten to find a given number of beads easily. If you are using a bead bar you
will be able to separate the beads; if you are using an image on the whiteboard, then circle the
group of beads. It is really important to note that here we are not talking about the ‘number 32’
bead (or the 32" bead); we are now looking at a group of 32 beads.

Bead bar:
‘Show me thirty-two beads.”’

Bead string image:
‘Show me thirty-two beads.”’

3:7

Begin talking about ‘length’, by drawing a line under an image of a bead string, asking ‘How
many beads long is this?’

Now move on to estimating some lengths relative to 100 centimetres. You could draw out
markings in the playground as shown below, with pre-drawn 100 centimetre reference lines;
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when introducing the task, show a metre stick to demonstrate that the reference lines are 100
centimetres. Note that estimation should then be carried out relative to the pre-drawn 100
centimetre line and should not involve use of the metre stick; this keeps the focus on
developing children’s understanding of where two-digit numbers sit in the number system
(rather than their ability to manipulate and read a metre stick). At this stage, the focus is also not
on introducing the centimetre unit, and the idea that 100 centimetres is equivalent to one
metre — more in-depth work on measures is required for this.

Before children begin working on estimations themselves, model the process. Use knowledge
of estimating the position of multiples of ten (see segment 1.8 Composition of numbers: multiples
of 10 up to 100) as a starting point, before refining the estimate down to the ones digit, for
example:

‘I know that fifty is in the middle of zero and one hundred. | think this line is a bit more than fifty. |
think it is fifty-three centimetres long.’

‘This is quite near to one hundred. | think it is an eighties or nineties number. | think this line is
about eighty-five centimetres long.”

Encourage the children to talk in this way in pairs as they visit each line on the ground.

Once children have made estimates, review the length of each line as a class, asking children to
explain their thinking. You can show or tell children the exact length of each line, but make sure
they in no way see the exact length as the ‘right answer’ — reasonable estimates should be
celebrated for showing good proportional understanding.

‘How many beads long is this?’

‘Look at lines A, Band C. Can you guess how long they are by comparing them to the 100 cm lines?’

| 100 cm |
[ 1
A | I
o<
A
C
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Teaching point 4:

The relative size of two two-digit numbers can be determined by first examining the tens digits and
then, if necessary, examining the ones digits, with reference to the cardinal or ordinal value of the
numbers.

Steps in learning

4:1

Once children can confidently identify and represent two-digit numbers based on cardinality
(for example, using Dienes, hundred squares, etc.) or based on ordinality (number lines,
Gattegno charts), use these representations to compare numbers.

Present two methods for comparing, say, 52 and 28, for example:

Javed says: 1 know that fifty-two is greater than twenty-eight because fifty-two has five tens
sticks, and twenty-eight only has two tens sticks.’

Nancy says: 1 know fifty-two is greater than twenty-eight, because it comes later in the counting
sequence. When | count to fifty-two | have to count past twenty-eight.’

These are two explanations children may use based on their experience of cardinality and
ordinality during this segment. Discuss the reasons that the two children have given.

Comparison supported by cardinal representation:

| know that fifty-two is
greater than twenty-eight
because fifty-two has five
tens sticks, and twenty-eight
only has two tens sticks.

a

(ITTTTTTTTTI]
CITTTTTTTT]

Ooono
OOoon

00

v
N
N
co
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Comparison supported by ordinal representation:

‘/I know fifty-two is greater than )
twenty-eight, because it comes
later in the counting sequence.
When | count to fifty-two | have

\ to count past twenty-eight. )

,,//

7 N

28 52

LRRRNRRRRN ARRARARRRR RRRAR ARARN ARARA RN AARR RRRRR RRRRN RRRNE ERRRRARARE RARRR URRRNRRRNE RRRRRRRRRRRRRD
0 10 20 30 40 50 60 70 80 90 100

4:2

Now begin to explore how we can compare any two two-digit numbers by examining the
digits, without having to build the numbers with Dienes or count through the numbers.

Making reference to both cardinal and ordinal representations, demonstrate how, when the
tens digits are different, we can compare two-digit numbers by looking only at the tens:

Begin by comparing two numbers with different tens digits.

Then demonstrate that we can change the ones digits without affecting the comparison
(remove or add ones to the Dienes representation, slide the numbers along on the number
line).

Numbers with different tens digits:

47

)

oo
OO

oooboo

[TTTTTTTT]
[TTTTTTTT]

[IITITTTTTTIT]

(ITTTTTTTT]

:
(

CITTTTTTTT]
CITTTTTTTT]

CITTTTTITT]
[ITTTTTTTITT]
LTTTTTTITT]

four tens seven ones six tens two ones
‘Sixty-two is greater than forty-seven because it has more tens.’

47 62

M T T T T T T T T T T T T T

0 10 20 30 40 50 60 70 80 90 100

‘Sixty-two is greater than forty-seven because it is further along the number line.”
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Changing the ones digit:
‘What happens if we change the number of ones?’

44 65
O O 0 880 E O
O HHHHHHE \ O
O O OB E O
O OopogogE |8
L ] O
four tens four ones sixtens five ones
44 65
mmm||m\|||\m||||m||||\\|||||MWFWW\||||\\\\|||Hmlmmmm
0 10 20 30 40 50 60 70 80 90 100

4:3 | Now investigate what happens if the tens digits are the same, demonstrating that we can no
longer identify which number is larger or smaller by looking only at the tens. To highlight the
fact that it is no longer sufficient to look only at the tens digits, begin by hiding the ones digits -
the children won't be able to say which number is greater; then reveal the ones digits to enable
comparison.

Make a range of comparisons — both with equal and unequal tens digits - to bring together the
ideas in steps 4:2 and 4:3.

Numbers with equal tens digits:

‘Which number is greater?’

5H 5H
HEE ? = EHEHEH E ?
five tens ? ones five tens ? ones
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57
NN RN RN R RN AR RR R RN N RRNE RN RN RRNRN RRRER aanin o ARRNRRRRRE ARR R RRRRE RN RRRNE RN RRNRR
0 10 20 30 40 50 |[57] 60 70 80 90 100

‘We can’t tell which number is greater by looking at the tens digit.’

57 54
OHEB OO0 CHAHAE/ O
sl=l=l= 00 si=l=l=l=lERE
L E O S HE O
= HHH O AR O
HHE O —HHEHE
five tens seven ones five tens four ones
57
I\\IIIIH\IIIIH\IIIH\HIIII\I\IIIHHIIIH\I\Il\mlmlm\IHHIHHIHHIH\IIHHIIIHI
0 10 20 30 40 50 (54| 60 70 80 90 100
4:4 | Now compare a range of numbers, looking only at the digits. You can use the >, <and =
symbols introduced in segment 1.7 Comparison of quantities and measures. After making each
comparison, confirm the ‘answer’ using Dienes or the number line. Work towards the simplified
generalised statement:
‘To compare two-digit numbers, we need to compare the tens digits; if the tens digits are the
same, we need to compare the ones digits.’
4:5 | Provide children with varied practice. Initially they can use Dienes or a number line as a scaffold,
but should progress to working only with the numbers written as numerals.
Fill in the missing symbols.” (< > or =)
26028 50 049 32@62 51 041 25 035 65 O64
27028 50 Oso 42@62 24@42 95 059 38@38
28@28 50@51 52@62 40@4 8@70 49OSO
29 OZS 50 OSZ 62 062 52 027 36 061 45 024
30 Ozs 50 053 72 O62
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Teaching point 5:

Each two-digit number can be partitioned into a tens part and a ones part.

Steps in learning

Guidance

Representations

5:1

Teaching points 1-4 focused on
children’s understanding of two-digit
numbers in the context of cardinality,
ordinality and measures. Now pick up
again on the tens-and-ones structure,
examined in detail in Teaching point 2,
progressing to representing this on
part—part-whole diagrams. This paves
the way for calculations of the form
20+ 8=28and 34— 30=4, covered in
Teaching point 6.

In step 2:6, children were presented
with a mixture of bundles of ten straws
and individual straws, then asked to
collect a given number of straws.
Return to this activity, asking children
to verbalise how they collect, say, 34
straws; draw attention to children who
say you need three tens and four ones.

Then model the partitioning of the
straws using a part-part-whole
diagram (using a similar approach to
that introduced in segment 1.2
Introducing 'whole' and 'parts’: part-
part-whole):

Show the tens and ones partitioned
in the ‘parts’ circles.

Move the tens and ones together
into the ‘whole’ circle.

Label the ‘whole’ with the digits.
Move the tens and ones apart again
into the ‘parts’ circles.

—_

I,’

! 4

g

be

w

»

p

5:2

Progress to presenting missing ‘whole’
problems on part-part-whole
diagrams (addition). When using
concrete representations of the tens
and ones, then move them together
and apart as they are moved to/from
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the ‘whole’ circle. When using pictorial
representations for the tens and ones
‘parts’, use numerals to represent the
whole (showing an additional set of
tens and ones in the ‘whole’ circle at
the same time as showing them in the
‘parts’ circle is misleading as it shows
double the given number of items). By
now, children should have sufficient
knowledge of the composition of two-
digit numbers to be able to combine
tens and ones. Encourage children to
describe their reasoning in full
sentences, using the stem sentences:

‘There are____ tens, whichis___,
and ___ one(s), whichis . This
makes ___ altogether.”
‘The___represents____tens;ithasa
valueof ./
‘The___represents____one(s); it
has avalueof .’

Include some part-part-whole models
where the ones are represented on the
left and the tens on the right, to check
that children are really thinking about
the value of each digit in the number
rather than just working from left to
right.

‘There are two tens, which is twenty, and three ones,
which is three. This makes twenty-three altogether:

23

‘The 2 represents two tens; it has a value of twenty.’

‘The 3 represents three ones; it has a value of three.

‘There are three tens, which is thirty, and five ones,
which is five. This makes thirty-five altogether: 35.’
‘The 3 represents three tens; it has a value of thirty.’
‘The 5 represents five ones; it has a value of five.”

5:3

Similarly, present missing ‘part’
problems. Children have not yet
identified missing parts in two-digit
numbers, but have the building blocks
in place to do so - they have been
experiencing lots of partitioning and
have been introduced to the
partitioning structure of subtraction.

Consider a whole two-digit number (for
example, 57), show the tens part (for
example, five tens or 50), and ask
children to identify the missing part.
Encourage children to reason: ‘The
missing part must be seven because
fifty-seven is five tens (or fifty) and seven
ones.’

% (0 (@
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Then present a problem with the tens
part missing (as in the example with 35
opposite). As before, spend time
modelling and practising clear,
accurate explanations.

5:4 | Once children can confidently work Missing part and whole problems:
with the numbers represented
pictorially, move on to part-part-

whole models with all numbers e @ °
represented as numerals. Provide

children with practice completing

missing ‘parts’ and ‘wholes’, varying @ @ @ @ @

the placement of the tens and ones

‘parts’, and the orientation of the

diagrams. Continue to use the stem e 0 °
sentences that describe the value of

oot OROROROXORO
Look out for children who make

mistakes like those identified opposite;
they will need to work again on the

previous step - focus on emphasising Common errors:
the quantity that each digit represents.

Once children are confident, you can

present dong nao jin problems (such as 0 e x
those shown opposite) based on

partitioning two-digit numbers into

three parts, building on children’s ° x x ° e @

knowledge of adding multiples of ten
from segment 1.8 Composition of

numbers: multiples of 10 up to 100. For Dong nao jin:
now, avoid extending to partitioning a
two-digit number into a multiple of ten

and another two-digit number (for @ @ o
example, 61 into 50 and 11); this is an
important skill, but will be covered in @ @ ° @ e o @ @ o

depth in segment 1.74 Addition and
subtraction: two-digit numbers and
multiples of ten.
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Teaching point 6:

The tens and ones structure of two-digit numbers can be used to support additive calculation.

Steps in learning

Guidance Representations
6:1 | Complete the segment by progressing
from the completion of part-part-
whole diagrams to the completion of @ )8
equations.
Look at a part—part-whole diagram @ e 20 8
(cherry or bar model) representing the
decomposition of a number into tens
and ones. As a class, record all of the B B
equations which can be represented 20+8=28 28-20=8
by the model. 8+20=28 28-8=20
If necessary, reinforce the link between
the part-part-whole diagram and the 28=20+8 8=28-20
equatlons. by using physical resources, 28 =8+ 20 20=28_8
such as sticks.
6:2 | Now present missing ‘part’ or ‘whole’
equations, supported by the o @
corresponding missing ‘part’ or
missing ‘whole’ diagrams.
=80+5 29-9=
? 42
6 50 ? 40
6 +50 = 42 -40=
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6:3

Now provide varied practice for the
children, without the scaffold of part-
part-whole diagrams.

Look out for the following particular
mistakes which can indicate certain
underlying misconceptions or lack of
understanding:

32 |=3+20 X

Children who make this error may just
have generalised a pattern of taking
the digits in the order they appear,
ignoring the 0, and copying them
down. Address this by asking children
to describe what each digit represents
in their given answer (for example, ‘The
3represents three tens and the 2
represents two ones’); then ask how
many tens and ones are represented
in 3+ 20.

17 |=3+20 X

Children who make this error are likely
to have overgeneralised after seeing
equations of the form a + b = ¢, making
the assumption that the sum always
comes at the end of an equation; they
have focused on adding the first and
second number to get the third. Again,
question children about the value of
each side of the equation and whether
they are the same. Emphasise that the
expression on each side of the ‘=’
symbol should represent the same
value.

Missing sum/difference problems:

Fill in the missing numbers.’

4043 =

30+4=

6+20=

2+60=

50+ 8=

80+5=

50 +

=58

5+90=

9+50=

+5=

85

9+

51-1=

52-2=

53-3=

+90=95

=59

54—

=50

=80+1

=1+70

=3+20

=2+30

=50+6

=60+5

56 =50 +

65 = +5

=4+70

=7+40

74 = +70

47=7+

=87-80

=64 -60

=41 -40

3=33-

-4=50 -20
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25-20= =15-5
35-30= =58-8
45— 40 = =32-2
55 - =50 40=46 —
-60=5 20= -1
6:4 | You can link back to comparison of Fill in the missing symbols.” (<, > or =)
two-digit numbers by presenting dong
nao jin problems such as those shown 50+6 O 65 17 1+70

opposite.

50+6OS6 71O1+70

2+3o©3+20 40+6Q6+4O
45—5056—6 45—5@46—6
45—40@72—70 45— 40 046—40

6:5 | Finally, work towards children being Full story with answer:
able to solve word problems that
involve adding tens and ones,
including being able to draw their own

‘At first there were forty-nine grapes in a bowl. Then | ate
nine of them. Now there are forty grapes left.’

part—part-whole models (cherry or @

bar) for support. 49

Begin by telling a story, with the 40 9
calculation answer included, and ask

children to draw or complete a blank ) '
part-part-whole diagram (cherry or The 49 represents the grapes that were in the bowl/

bar model) to represent the story. Keep f’t first. ,
the focus on the link between the story The 9 represents the grapes that were eaten.
and the diagram rather than, for ‘The 40 represents the grapes that are left.”

example, trying to encourage
proportional drawings of the two parts
in a bar model (the images provided
opposite show precisely proportional
bar models for use as a teaching tool;
but children’s drawings will be less
precise and that is perfectly
acceptable). Ask children to describe
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what each number in the diagram Missing ‘whole’ story:

represents. ‘I have thirty maths books to mark and four English books
Now repeat, using a missing ‘whole’ to mark. How many books do | need to mark altogether?’
story, and then a missing ‘part’ story.

Encourage children to first fill in the 34

two parts that the story tells us, then 30 4 — 30 4
use their knowledge of number

composition to find the missing
number. Continue to use full sentences | You have thirty-four books to mark altogether.’

to relate each diagram to the story.
Missing ‘part’ story:

‘I have twenty-eight pencils to sharpen. | have already
sharpened twenty. How many more do | need to
sharpen?’

28 28
? 20 8 20

‘You need to sharpen eight more pencils.’

6:6 | Provide children with practice solving
a range of story-based problems,
including aggregation, augmentation,
partitioning and reduction structures,
and contexts involving measures.
Examples include:

‘I had twenty conkers and then my
friend gave me nine more. How many
do I have now?’

(augmentation)

‘The teacher had thirty-seven pencils.
He gave out thirty of them. How many
did he have left?

(reduction)

‘There are sixty-three children sharing
fruit. Sixty of them like apples. How
many children do not like apples?’
(partitioning)

I'find a two-pence coin and a
fifty-pence coin on the ground. How
much money have | found altogether?’
(aggregation; measure)

‘I need to save forty-five pounds to buy
a new bike. | already have five pounds.
How much more do | need?’

www.ncetm.org.uk/masterypd ncetm_mm_sp1_y1_se09_teach.pdf

© Crown Copyright 2018 Spring 2018 pilot Page 31 of 32



http://www.ncetm.org.uk/masterypd

(augmentation with missing
addend; measure)

As an initial scaffold, you could provide
an empty part-part-whole diagram for
each question. As children gain
confidence, encourage them to draw
their own models to represent the
stories and reveal the underlying
structure.
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