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	Professional development document

Unit 1      Deepening understanding of fractions

Lesson 1C(ii):    Milkshakes


	Lesson summary

	Summary:

· In this lesson students are encouraged to reason proportionally by comparing the relationship between two quantities expressed as unit rates, part-to-part and/or part-whole formats. 
· They will have experience of describing a ratio relationship between two quantities, comparing ratios of objects described in multiple ways and using proportional reasoning to solve a real-life contextual problem.
· The aim of the activity is to allow students to explore non-procedural ways of making comparisons and to justify their own reasoning, as well as critiquing the reasoning of others.

	Focus of students’ learning

	· To develop strategies for comparing ratios of juice and milk cartons in a milkshake mix, where the total number of cartons used in the mix is not the same. 

· Students will consider the number of cartons of each type needed to produce a milkshake mixture with a specific taste, where other constraints may or may not be given.

	Lesson preparation

	· The pre-task (Comparing Milkshakes) needs to be completed by students and formatively assessed by the teacher prior to the lesson. Students will need some plain paper to work on when completing this.
· The Milkshakes Activity cards and Blank Cards (for extension purposes) need to be cut up prior to the lesson. Students will need one card set per group. 
· Each group will also need a large piece of poster paper and some glue. 
· Mini-whiteboards, pens and wipes will be needed by students throughout the lesson.
· Each student will need a copy of the post-task (Making Milkshakes) to complete at the end of the lesson. 
· Calculators may be given to students on request.
· There are some PPP slides to support the lesson and for use in the lesson introduction. 
· A document containing interactive cards is provided to support whole class discussions.


The Lesson 
	[image: image11.emf]
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Prior to the lesson: Pre-task activity (Comparing Milkshakes)
Students compare part-to-part ratios and determine whether or not
equivalence is present. They are given two arguments highlighting
some common misconceptions to analyse.
The lesson: Introduction
[image: image12.emf]


Comparing Milkshakes 
 



Two batches of milkshake are made by mixing cartons of juice with cartons of milk: 
 
 
Batch 1 
 
 
 
 
 
 
 
 
 
 
Batch 2 
 
 
 
 
 
 
 
 
 
 
 
Beth and Charlie can’t agree on whether the two batches of milkshake will taste the 
same. Determine whether the two batches will taste the same, commenting on the two 
reasons given. 
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Both batches have two more cartons of milk 
than juice so they will taste the same 



In Batch 1, of the milkshake is juice, 



whereas in Batch 2,  of the milkshake is 



juice so they will taste different 



!"#
$



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$% !"#



$% !"#
$%










Comparing Milkshakes 

 

Two batches of milkshake are made by mixing cartons of juice with cartons of milk: 

 

 

Batch 1 

 

 

 

 

 

 

 

 

 

 

Batch 2 

 

 

 

 

 

 

 

 

 

 

 

Beth and Charlie can’t agree on whether the two batches of milkshake will taste the 

same. Determine whether the two batches will taste the same, commenting on the two 

reasons given. 

 

 

 

 

 

 

 

 

 

 

 

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

Both batches have two more cartons of milk 

than juice so they will taste the same 

In Batch 1,  of the milkshake is juice, 

whereas in Batch 2,   of the milkshake is 

juice so they will taste different 

!

"

#

$

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

Students compare multiple representations (diagrams and written
descriptions) of different milkshake mixes to help them to order the
milkshakes based on their milkiness:


Collaborative group work: Milkshakes Activity
Students compare ratios of juice to milk in descriptions of milkshakes expressed in different ways, identifying equivalence and ordering from least milky to most milky. Blank cards are available as an extension activity.
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Making Milkshakes 
 



Two batches of milkshake are made by mixing cartons of juice with cartons of milk: 
 
 
Batch 1 
 
 
 
 
 
 
 
 
 
 
Batch 2 
 
 
 
 
 
 
 
 
 
 
 



 
Beth wants to use a total of 7 cartons to make a third batch of 
milkshake.  
 
If she wants it to taste slightly less milky than batches 1 and 2, how 
many cartons of juice should be added for every carton of milk? 
Explain your reasoning. 
 



 



 
 



!"#
$



!"#
$



!"#
$



!"#
$ !"#



$



!"#
$



!"#
$



!"#
$



!"#
$ !"#



$ !"#
$



!"#
$



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$%



!"#
$%










Making Milkshakes 

 

Two batches of milkshake are made by mixing cartons of juice with cartons of milk: 

 

 

Batch 1 

 

 

 

 

 

 

 

 

 

 

Batch 2 

 

 

 

 

 

 

 

 

 

 

 

 

Beth wants to use a total of 7 cartons to make a third batch of 

milkshake.  

 

If she wants it to taste slightly less milky than batches 1 and 2, how 

many cartons of juice should be added for every carton of milk? 

Explain your reasoning. 

 

 

 

 

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

!

"

#

$

%

[image: image14.emf]


In order of milkiness 
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Sharing work
Students describe their reasoning for their card matches/ordering and 
critique the reasoning of others.
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Poster review
Students have the opportunity to re-consider the order of their cards
having shared their work with another group.
Class discussion
Students share what they have done and found.
Post-task activity (Making Milkshakes)
Students have returned to them their responses to the pre-task activity 
and complete the post-task individually. 


Lesson commentary 
	Prior to the lesson: Pre-task activity (Comparing Milkshakes) 
· Students should work on the pre-task activity on their own, in class or as a homework task a few days before the lesson. It is important that you do not assist students in completing the task.
· Collect in students’ responses to the pre-task activity prior to the lesson to allow you to assess where students are having difficulty and what their current understanding is. 
· Write one or two questions, as appropriate, on each students’ work to help them to progress further. You may want to respond to: 
· An agreement with Beth’s argument with the question: 
Would a milkshake made with 1 carton of juice & 3 cartons of milk taste the same also?
· An agreement with Charlie’s argument with the question: 
How many cartons of juice/milk have been used to make the milkshake in each batch?
· Students may also reason additively rather than multiplicatively by stating the two batches taste the same because 2 more cartons of juice and 2 more cartons of milk have been added & these just ‘cancel each other out’. You may like to ask: What would happen if two cartons of juice and two cartons of milk were added to one carton of milk/juice? 
· Students may focus on just one of the milkshake ingredients. E.g. the student thinks that Batch 2 will taste more milky than Batch 1 because it has more milk in it (or that Batch 2 will taste less milky than Batch 1 because it has more juice in it). You may like to ask:
How much juice is in Batch 1? How much juice is in Batch 2? What do you notice?
How much milk is in Batch 1? How much milk is in Batch 2? What do you notice?
Is how milky the milkshake tastes determined by the number of cartons of milk it contains?
· The assessment of the students’ responses to the pre-task activity may help with grouping students for the collaborative group work. E.g. you may want to group students that have conflicting opinions about whether or not the two batches taste the same or you may want to group students that agree on the taste of the two batches but have used contrasting approaches.
· The pre-task work will be handed back to the students at the end of the lesson, prior to completing the post-task.
The lesson: Introduction
· Students will need mini-whiteboards to work on. Display the 3 ‘cards’ on Slide 3 of the PPP and ask students to order the ‘cards’ in terms of milkiness and write down the order on the whiteboards e.g. 2, 3, 1. (They may also use their mini-whiteboards for any calculations they wish to carry out). Students should work on their own before displaying their mini-whiteboards for you to see.
· If there are multiple responses given, collate the card orders on the board and ask individual students with a particular card order to explain their reasoning to the class. Do this for each differing order of cards but do not comment on when a specific order is correct. Instead, focus on the strategies students have used.
· If there is a consensus in the class on the order of the cards, ask students to discuss with their neighbour how they came to order the cards in that way.
· Notice whether students recognise that Cards 2 and 3 are equivalent and identify any common formats used when making comparisons.
Collaborative group work: Milkshakes Activity
· Students now work in groups of 2 or 3 ordering a set of cards based on milkiness. Give each group the card set Milkshakes Activity, which contains 18 cards, some showing cartons of juice and milk and some containing written descriptions of the milkshake mix. Students need to order the cards from least milky to most milky. 

· If they think that more than one card describes the same milkshake mix they need to group them together. Each ‘group’ of cards must contain at least one carton picture card so the 4 blank carton cards need to be completed accordingly. Card J has been designed so that it cannot be completed to be equivalent to any of the other cards. Students should complete the card with a number of milk and juice cartons of their choice (between 1 & 10) and then place it in the appropriate place based on how milky the milkshake is (i.e. they may choose a ratio of 5 juice cartons to 6 milk cartons and place it in between cards Q & H; F & R).

· For those that are struggling to get started: Support students in interpreting what the cards mean in the context of making milkshakes by mixing juice with milk. It may be appropriate to encourage students to start by focusing on cards K – R. You may like to ask: Can you give me an example of a milkshake mix that satisfies the description on this card?
· For those that are struggling to make progress: It may be appropriate to encourage students to consider grouping the cards. You may like to ask: In what ways could you group the cards? Which ways of grouping the cards are going to be the most helpful to you?
· Card sorting/matching activities allow students to try out their ideas, generating hypotheses for the group to discuss, critique and improve. During this phase of the lesson students need to develop exploratory talk consisting of critical and constructive exchanges, where challenges are justified and alternative ideas are offered. The cards have been designed to confront students with possible misconceptions, for example, the inclusion of Card B (1 juice carton and 4 milk cartons) and Card M (¼ of the milkshake is juice) presents students with the need to recognise that the ratio of juice to orange (1:4) is not equivalent to ¼ of the milkshake consisting of juice. 
· It is quite common to see students working independently, even when they are sitting together. Encourage students to take it in turns to place a card and to explain their reasoning to each other and in particular see if they are able to explain the position of a card placed by someone else in the group.
· Once agreed on the order of the cards students need to glue the cards onto a large piece of poster paper and any workings or explanations need to be written on the poster next to the card(s). In doing this, the group makes a considered statement for the teacher (and/or other groups) to critique. It is likely that not all groups will manage to place all of the cards and if this is the case, students should glue down the cards they have ordered onto their poster. Students should be encouraged to spend enough time on each comparison, to ensure that they understand its position rather than rushing through the task to try to finish it.

· For those that have grouped/ordered the cards correctly and need an extension: Give out the Blank Cards and ask students to invent their own cards. You may like to ask: Can you invent a card that is equivalent to this one? Can you invent a card that would go in between these two? What would you add to this mixture to make it taste like this mixture?
Sharing work:

· Once students have glued their cards onto their poster, ask one member of the group to jot down their agreed order of cards on their mini-whiteboard before visiting another group’s work. The student staying with their group’s work needs to explain the card order, justifying the placement of each card. The visiting student should look carefully at the group’s work and challenge any cards that they think are in the wrong place. If there is agreement on the placement of the cards, a comparison of the methods used when ordering should be made.
· It is likely that some groups will not have ordered all the cards but a comparison can still be made as to whether students consider a particular card to be more or less milky than another. A comparison of groupings of equivalent cards can also be made. To encourage students to share their reasoning, you may want to prompt them with the following questions: Why do you think that these will taste the same? How do you know that this mixture is more milky than that one? Why does this card come here? Which mixture do you think is the most milky? Why?
Poster review:
· On returning to their groups, students need to review their work and if they think they have put a card in the wrong place they can draw an arrow on their poster to where they think it should go and include an explanation. Encourage students to voice and write on their posters, their reasoning for the movement of a card.
Class discussion:

· The aim of this discussion is to allow students to voice what they have learned and talk about what they have gained from the lesson, as well as reflecting on the strategies used.
· It is likely that not all groups will have grouped/ordered all of the cards and so the discussion may revolve around just a few cards (and this is okay!). The important thing is to encourage maximum student participation and engagement. Use your knowledge of the students’ group work to call on a wide range of students for contributions. Focus on what you noticed about students’ responses to the task to inform your discussions. For example, what do you know about which card(s) students selected as their ‘start’ card? Did students begin with what they thought was the least or most milky mixture or did they just pick a random card? When they discovered cards with mixtures of the same milkiness, how did they justify this to each other? Did they use fractions, decimals, percentages, ratios or proportions? Did they switch between different descriptions and if so, when did they do this? What, if anything did they write on the cards? How did they go about shading in/completing cards G – J?
· You may also want to ask questions like: How did you know that the milkshake described on [Card X] was more/less milky than the milkshake described on [Card Y]?
Which milkshake descriptions did you find easiest to work with? Why was this?
Which card was the easiest/most difficult to place?
Were there any disagreements when you compared your work?
What have you learnt about how to get mixes that taste the same/different?
· It may be appropriate to address any misconceptions the students have had, during this discussion, encouraging students to articulate how their understanding has changed and developed as they have been ordering and grouping the cards. 
Post-task activity (Making Milkshakes):

· Return to students their initial attempts at the pre-task with your questions written on. The post-task activity is based on the same scenario but requires students to consider the ratio of juice to milk in a third batch of milkshake with given constraints.
· Students who struggled with the pre-task may benefit from attempting the pre-task again rather than or prior to the post-task (in order to focus on the misconceptions outlined by Beth and Charlie). However, the comparison of milkiness for batches 1 and 2 is required for completion of the post-task also.
· Give students time to reflect on their responses to the pre-task and the questions you have posed prior to completing the Making Milkshakes task. Encourage them to use what they have learned to answer Beth’s question.
· You may find that there is not time to complete the post-task in the same lesson as the card activity. If this is the case, you may want to ask students to complete it in a subsequent lesson or for homework.
Solutions (included for teacher reference only):

· It is not intended that students attempts at the pre-task are corrected by the teacher or that the correct ordering of the cards is given to the students at the end of the lesson. The solutions are included to highlight some of the design features of the resources. It is advisable that teachers work through all activities prior to the lesson as part of their lesson preparation.

Pre-task (Comparing Milkshakes)
· The ratio of juice to milk in batch 1 is 3:5, which is not equal to the ratio of juice to milk in batch 2, which is 5:7. Batch 1 is 
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(41.7%) juice so they will not taste the same. However, students may well take into consideration the fact that the proportion of juice in each batch is only marginally different and so may conclude that in reality it would be difficult to detect any difference in taste. 

· Students need to comment on the arguments given by Beth and Charlie. The number of cartons of juice and milk in each batch were deliberately chosen so that there were two more milk cartons than juice cartons in each case and so that two cartons of each type had been added to batch 1 to get to batch 2. Beth is wrong in thinking that the two batches have the same taste and her argument that there are two more milk cartons in each case shows that she is not considering the proportion of milk in the two batches. Charlie has come to the correct conclusion that the two batches have different tastes of milkiness but has taken the number of milk cartons to be the whole.

Milkshakes Lesson Activity
· There are 5 distinct sets each containing at least one carton picture (O, C & L; R & F; N, E & A; B & P; D). The blank carton cards can be used to construct milkshake mixes to match the remaining cards M, Q & K. 
Post-task (Making Milkshakes)
· Beth needs to use a total of 7 cartons to make a milkshake that has a greater proportion of juice than in batches 1 and 2 (i.e. to be less milky). A milkshake with 3 or more cartons of juice will result in a milkshake that is less milky than both batches 1 and 2. However the constraint is for batch 3 to be slightly lesson milky so a milkshake with ratio of juice to milk of 3:4 (
[image: image3.emf]
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 (42.9%) juice) gives the required mixture. The question asks for the number of juice cartons to be added for every carton of milk – the solution is 
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	Adapting the lesson

	· The task is designed to be rich and complex, allowing struggling students to gain access, while still providing challenges for the most capable.

· It is important that all students attempt the same task (i.e. are given all the cards) but are provided with different levels of support depending on their needs. Avoid breaking the task into steps for students; rather get them to consider different possible approaches they could take. 

· Students that are able to group/order the cards correctly can be provided with blank cards to invent their own mixtures. Specific scenarios can be posed based on finding milkshakes with an equivalent taste, a taste that lies between two mixtures or that involve adding or removing cartons of milk/juice.

	Suggestions for lesson study focus

	· It is important to nurture a classroom culture where:

· The teachers’ role is to prompt students to reflect and reason through their ideas and not to provide answers. Teacher questioning is central to supporting students’ thinking and depth of understanding and growth.

· Students take responsibility for their own work. They engage in productive struggle where resolution comes gradually through interactions and discussion in the lesson as students gain new facets of connected understanding.

	Research background to the lesson

	· This lesson is designed to support formative assessment and aims to help teachers to assess and improve students’ conceptual understanding by first revealing how well students are able to reason proportionally. The pre-task activity is designed to explicitly address some common misconceptions, in the explanations given by Beth (reasoning additively rather than multiplicatively) and Charlie (interpreting the ratio of juice to milk cartons as a fraction, taking the number of milk cartons as the ‘whole’ rather than the total number of cartons used to make the milkshake). Students complete the pre-task on their own, prior to the lesson with the intention that their work is not scored/graded as this promotes competition between students (Black & Wiliam (1998) ‘Assessment and Classroom Learning’) and distracts attention away from the mathematics. Instead teachers create questions that will help students’ reflect on specific issues they need to address.

· During the lesson students are then involved in resolving their own difficulties and misconceptions through collaborative group work on a card sorting task and structured small group and whole class discussions. Students need time to work in depth on the lesson activity, comparing their approaches to others and redrafting their ideas as a result of their discussions. A collaborative inquiry based approach to learning where students are engaged in cognitive conflict has been shown to promote long-term learning (see for example Birks (1987) ‘Reflections: a Diagnostic Teaching Experiment’, Cobb (1988) ‘The tension between theories of learning and instruction in Mathematics Education’, Onslow (1986) ‘Overcoming conceptual obstacles concerning rates: Design and Implementation of a diagnostic Teaching Unit’, Swan (1983) ‘Teaching Decimal Place Value – a comparative study of ‘conflict’ and ‘positive only’ approaches’). Students become aware of the inconsistencies in their own conceptions and this awakens a curiosity and desire to seek resolution through discussion. A final whole class discussion allows students to share their different understandings and provides an opportunity for generalisation and extending what has been learned.



Resource 1.0 
Comparing Milkshakes 
Two batches of milkshake are made by mixing cartons of juice with cartons of milk:
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Batch 1
Batch 2
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Beth and Charlie can’t agree on whether the two batches of milkshake will taste the same. Determine whether the two batches will taste the same, commenting on the two reasons given.
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Resource 2.0 
Milkshakes Activity
	A
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Resource 2.1 
Milkshakes Activity (continued)
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Resource 2.2 
Blank Cards

	
	

	
	

	
	


Resource 3.0 
Making Milkshakes
Two batches of milkshake are made by mixing cartons of juice with cartons of milk:


Batch 1
Batch 2






Beth wants to use a total of 7 cartons to make a third batch of milkshake. 

If she wants it to taste slightly less milky than batches 1 and 2, how many cartons of juice should be added for every carton of milk? Explain your reasoning.

Both batches have two more cartons of milk than juice so they will taste the same





In Batch 1, � EMBED Equation.3 ���of the milkshake is juice, whereas in Batch 2, � EMBED Equation.3 ��� of the milkshake is juice so they will taste different
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