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	Professional development resource
Unit 1      Deepening understanding of fractions

Lesson 1c :    Fair Shares


	Lesson summary

	· Students are presented with a context involving groups of people and sandwiches from which they develop strategies for sharing the sandwiches fairly (this is done via a pictorial hand out and/or PowerPoint slides. Students work through a progressive set of questions). 

· In doing this they will encounter issues relating to:

· Naming parts of a whole – in relation to the whole

· Deciding whether different combinations of sandwich are in fact equivalent

· This lesson introduces the bar model for fractions, and creates a need to be able to combine (i.e add together) different sized pieces of sandwich. 

This sets up the following lesson (1d) where the bar model is introduced in a different context and a pathway is offered which enables students to develop meaningful ways of combining fractions with different denominators.


	Focus of students’ learning

	using a real life context to:

· understand fraction notation in relation to representing parts of a whole

· generate expressions involving fractions to represent and solve problems

· reason and justify the solution of problems and equivalence of fraction expressions using visual models.

· developing a pictorial argument for why sharing 3 sandwiches between 5 people is equivalent to 3/5 of a sandwich or why some fraction quantities might be the same. i.e 1/2+1/10 and 1/5+1/5+1/5


	Lesson preparation

	·  It may be worth looking at your students responses to the unit 0 test question 4÷5.

· Drawings for sharing out the sandwiches should be drawn free- hand. Plain paper is best. (Squared or lined paper can be restrictive to how the students choose to cut up the sandwiches.)
· The lesson is also on powerpoint



The Lesson 
	Introduction:
Refer to resource sheet 1.0/powerpoint and introduce the lesson and the sandwich context.  
Stage 1: Presenting the context     - Q1 a & b
Work through Q1a & b as a class. It is worth giving the class a few moments to ponder each question before asking for oral responses. 
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Some teachers have asked their class to write down what they think, as this helps key them into the range of thinking around in the room. If students provide formal responses such as telling you exactly how much you would get in each case, simply hear this and move on – see supporting commentary.
Stage 2: Drawing pictures individually to demonstrate solutions     - Q2 a, b & c
Students individually draw sandwich sharing pictures to show how they would share 3 sandwiches between 5 people.(Q2 a, b, c) It is important that the students (in some way) denote which people are getting which parts of the sandwiches. Precision is needed in recording how much each person gets. There is likely to be variety in both the drawings and the record of what each person gets.
Stage 3: Reviewing as a class pictures and students’ justifications     - Q2 d
As a class review the pictures drawn by students in Q2a,b & c.. Establish that halving leads to each person getting 1/2 + 1/10 whereas sharing out each sandwich one at a time leads to each person getting 1/5 + 1/5 +1/5 (or equivalent). The teacher’s role is to ask whether you get more / the same amount whichever way you do it, and then to work with students responses and direct them to convince you, using the pictures – see supporting commentary.
Stage 4:Drawing more pictures and justifying solutions     - Q3,  Q4
Students individually draw sandwich pictures to show how they would share out the sandwiches in the other groups. (Q3) Again, they record precisely how much each person will get. Teachers may wish to share as a class, some of the student drawings and again work on the equivalences produced by different methods of sharing. Q4 provides opportunity for further experimentation.
Stage 5: Extension     - Q5, Q6, Q7
Questions 5, 6 and 7. These can be attempted individually, but it is likely that you would want to share student ideas as a class. There is potential to go into a second lesson with the ideas generated here. 


Lesson commentary 
	Suggested timings: It is not necessary to cover all the stages of this lesson within the course of one lesson. You may wish to continue at another time. It is particulary hard to anticipate the length of stages where students are sharing their ideas, where these ideas need to be considered in depth. The timings given next to each stage are there as a vague indication of what some teachers have done when previously trialling this material.

Stage 1: Presenting the context     - Q1 a & b  (Poss 5 mins. This stage is just for getting a flavour of student’s informal thinking. There is no need to resolve any issues that may arise.)
· At this stage we are only interested in informal ideas about who will get the most / least. 

· Q1 a) students may point out that D is the only situation where there are more sandwiches than people. It’s the only situation where you will get more than a whole sandwich each

· Q1 b)  Students might compare A with D and argue that you will get less in A because it’s the same amount of sandwiches but more people. 

· To compare A and B some students may argue these are the same because you can give one sandwich between 2 people and that leaves one whole sandwich for one person in each case.

· It is common for higher ability students to offer that you would get 3/5ths of a sandwich in A, 4/7ths of a sandwich in B, 3/4 in C and so on. It is worth noticing that they have stripped the context away here and turned this into a ‘maths’ question. Context is important in RME based lessons (as it allows students to make sense of situations) and one of the teachers roles is to keep the context alive. It is as well here to focus on the contextual answers rather than digging into the procedural ‘numbers only’ approaches. (It is likely that the higher ability students know a rule which says that to work out 3 ÷ 5 you write 3 above the line and 5 below the line which makes 3/5.)  This lesson does not focus on the use of procedures, this lesson is about developing a meaning for why 3 ÷ 5 = 3/5, the sandwich context and fair sharing enables this meaning to develop.
 Stage 2: Drawing pictures individually to demonstrate solutions    - Q2 a, b & c (Poss 5 – 10 mins)
· Pictures will vary depending on how the sandwiches are split. Students tend to use 2 main strategies, either halving and sharing out the remainder, or splitting each sandwich up between the people:

· If students do not think of the second strategy, this can be forced, again by using context. i.e by suggesting that the sandwiches may all be different flavours and people might want some of each flavour.

· Students will often point out that there are issues of fairness related to whether you get the end pieces or not. This is worth acknowledging, and can be overcome by suggesting that perhaps the crusty ends have already been cut off before making the sandwiches.

· Teachers have also noticed that when students begin to draw their sandwiches they initially make them look ‘sandwich’ like, but gradually these drawings  become  ‘mathematised’ into rectangles

· It is really important that the students write down how much each person will get and are precise about this. 1/2 + 1/10 is perfectly acceptable as an amount; it does not need to be ‘joined up’.
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It is worth noting some common misconceptions here when faced with deciding what the small slither is worth:

· Many students believe it is 1/5, because they have split a piece into 5 equal parts. They are unsure what is the ‘whole’. However if the rest of the sandwich is split into 5 parts, some students can then argue why it must be 1/10, others will remain unconvinced.

· Having split each sandwich into 5 equal parts, some students will argue that each person gets 3/15. As teachers we have done a double take at this point. There are 3 pieces for A and 15 pieces altogether! The confusion again is about what’s the whole. 
It is worth bringing these misconceptions to the board in Stage 3 where they can  be discussed as a class.
· The richness of Fair Shares is that it allows such misconceptions to arise. Traditional part-whole approaches to fractions focus on only one object split into several parts. Questions about what is the whole are trivial in this case.

 Stage 3: Reviewing as a class pictures and students’ justifications     - Q2 d (Poss 20+ minutes)
· During this stage students should be invited to draw their pictures for sharing at the board. The teacher needs to check the student has also recorded what each person gets. The idea is to have several different ways of sharing (and the results of that sharing at the board.) The teacher can have circulated in Stage 2, while the students are drawing their pictures and make decisions then about which work to bring to the front. E.g. It is helpful to have sharing which leads to 1/2 + 1/10 and  sharing which leads to 1/5 + 1/5 + 1/5. (It is also worth noting that the sharing which leads to 1/5 + 1/5 + 1/5 may  have been written by students as 3 ‘lots of’ 1/5 or 1/5 x 3 or 3/5…  or 3/15 .) Rich discussions come from exploring whether these are the same or not. The 3/5ths v 3/15ths debate can be very powerful. Sometimes teachers have found it helpful to re-phrase the question as ‘How much of a (or one) sandwich would you be getting?’ This can help some students to recognise that when you describe it is 3/15ths you are referring to 3/15ths of 3 whole sandwiches. Teachers understandably feel the need to ‘fix’ these issues, however in previous trials teachers who took a more neutral stance often found this prompted more student empowered debate.
· The context argument for why you should get the same whichever way you ‘fair share’ them is quite concrete. i.e It’s the same amount of sandwiches between the same amount of people whichever way you cut them up. However asking students to justify whether getting 1/2 + 1/10 is the same as getting 1/5 + 1/5 + 1/5 is much more challenging. This does not need to be resolved here, although it is worth hearing some ideas. 

· Higher level students may want to formally add together 1/2 and 1/10 using a common denominator routine and see that they get 3/5. That is fine but again the teacher’s role is to force them back into the context to justify why they might be the same. In other words, can students use the pictures to convince themselves why eating 1/2 of one sandwich and 1/10 of another sandwich is the same amount as eating 1/5 of each sandwich. For example what happens if you move the 1/2 and 1/10 onto one sandwich, would it give you roughly the same as if you moved 1/5 and 1/5 and 1/5 into one sandwich?

 Stage 4: Drawing more pictures and justifying solutions     - Q3 & Q4 (Poss 15+ mins)
· Again students should be encouraged to use more than one strategy. These sharings can be used to prompt other discussions about equivalence e.g. Sharing the 4 sandwiches in B by halving first, gives 1/2 + 1/14 each. Is it possible to see on a sandwich how this might be the same amount as having 1/7 of each sandwich?

· Q4) This gives students opportunities to experiment and practice ways of sharing out different number of sandwiches with different numbers of people. Teacher may wish to direct students to particular combinations depending on what has gone before. 

· It is possible to use this context to think about equivalent fractions. E.g. If 2 sandwiches are shared between 3 people, they each get the same amount as if 4 sandwiches are shared between 6 people. What would the photographs of these situations look like? How can you argue from the photograph that you must get the same amount?

· Stage 5: Extension     - Q5, Q6, Q7 (Most likely to be used in another lesson)
· Q5 - It is anticipated that students will approach this question using trial and error approaches and by drawing. E.g.-

·  If 2 people got 1/2 + 1/6 + 1/6  of a sandwich each, that would make 2 halves, and 2 sixths and 2 sixths which is a sandwich and two thirds, but presumably you started with a whole amount of sandwiches?

· If 3 people got 1/2 + 1/6 + 1/6 each, that would make 3 halves and 3 sixths and 3 sixths which is one and a half plus one whole sandwich

· … and so on until you produce a whole amount of sandwiches. This would first happen when you had 6 people with 1/2 + 1/6 + 1/6 on their plate, which would make a total of 5 sandwiches.
· Students who are able to add 1/2 and 2/6 to get 5/6 may quickly suggest it is 5 sandwiches between 6 people. They can be encouraged to demonstrate how these sandwiches were shared out, so as to produce 1/2 + 1/6 + 1/6 on each person’s plate.
· Q6 a) Stories will vary but are likely to feature fair sharing contexts

· Q6 b) This question is getting at the two metaphors for division of ‘sharing’ and ‘grouping’. Although children are usually introduced at primary school to the sharing method for division, by the time they reach secondary school for many the grouping method is dominant. In fact many students may only think in terms of grouping. When they see 4 ÷ 5, they think grouping i.e. ‘how many groups of 5 can I fit into 4?’ The obvious answer to this question is ‘you can’t’ and hence the reason that many students will say you can’t do it. Some students try to make it ‘do-able ‘ by reversing it to 5 ÷ 4


	Adapting the lesson

	· In previous trials, this lesson was accessible to students across the age and ability range. It does not depend on specific prior knowledge. 

· It does contain a number of diagnostic opportunities, and will expose a range of student conceptions and misconceptions.

· It is worth noting that Higher ability students are often the ones who use a procedure to answer the first question. It may be worth pointing out to them that this lesson provides an opportunity to develop an understanding of their rules.

	Suggestions for lesson study focus

	You might want to consider these aspects of students’ thinking:

• How do students make use of visual images to reason and justify their arguments?

• What issues did your students reveal relating to ‘what is the whole’?

• How flexible are students in finding alternative ways of sharing the sandwiches?

• How much did students refer to the sandwich context to reason and justify their arguments?

• Where students use formal procedures, can they explain why they work? 

You might also want to consider pedagogic aspects such as these:

• How did we (and how, if we teach the lesson again, could we find further ways to) elicit (and share)

examples of students’ thinking?

• How did we (and how, if we teach the lesson again, could we find further ways to) build on and

interrogate students’ thinking?



	Research background to the lesson

	· The Realistic Mathematics Education (RME) approach to the teaching of fractions has been extensively researched and trialled. (See e.g. Streefland, 1997,’Charming Fractions or Fractions Being Charmed’ and Fosnot and Dolk, 2002, ‘Constructing Fractions, Decimals and Percents’). 

· This lesson typifies one of the RME approaches to working with fractions: A real life context problem is offered which initially students answer informally (Q1) and then they begin to model the problem (Q2) by drawing representations of the situation. 

· Over the course of the lesson students have the opportunity to develop ideas about effective strategies for sharing out sandwiches. They also work on the equivalence of quantities by considering whether 1/2+ 1/10 of a sandwich is the same as getting 1/5 +1/5 + 1/5.However this is considered through the context of the sandwiches, using pictures, rather than using a procedure for addition of fractions.

· When this approach to the teaching of fractions was trialled in the UK, teachers and their students seemed to develop a deeper understanding of fractions. Rather than seeing fractions as ‘one whole number over another’, as another set of ‘things’ with another set of rules to learn to deal with them, they worked on their imagery for fractions and in particular how fractions can be represented on a bar.(See Dickinson et al, 2009, ‘Using Realistic Mathematics Education with low to middle attaining pupils in secondary schools’ available on the BSRLM website.)               

· The bar model has huge potential for enabling students to develop ways of adding, subtracting, comparing, multiplying and dividing with fractions. Lessons 1c and 1d provide 2 contexts, deliberately chosen because when modelled they provide a rectangular bar type image. The lessons offer a flavour of how these contexts and their models can be used to enable students to work on fractions, with meaning.



Fair Shares 
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Groups of trainee maths teachers are sent to check out some places in London to see whether they would be suitable for a school trip. Different groups of teachers go to different places. The training school provides the teachers with some large sandwiches for lunch. These are handed out to the different groups as shown in the picture 
1 a) In which group do the teachers get the most to eat? Explain your thinking.

   b) In which group do the teachers get the least to eat? Explain your thinking.

2 a) Draw a picture to show how you would share out the sandwiches between the teachers in Group A.

   b) Write down how much each teacher in Group A will get.

   c) Find a different way to share out the sandwiches equally in Group A. Draw a picture and write down how    much each teacher will get.

   d) Do the teachers in Group A get the same amount whichever way you share them or not? 

3. Draw pictures to show ways of sharing out the sandwiches between the teachers in the other groups. In each case write down how much each person will get.

4. Choose your own numbers of teachers and sandwiches. Show how to share out the sandwiches equally. Describe how much each teacher will get.
5. On a different trip, one group of teachers each end up with [image: image3.png]
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 of a sandwich on their plates. How many sandwiches and how many teachers might have been in this group?

6. a)  Make up a story situation which goes with 4 ÷ 5

    b)  Lots of people say you can’t do 4 ÷ 5. How might they be thinking?
7. What does [image: image9.png]


 mean? Try to come up with several ways of thinking of it.
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